We find asymptotically flat black hole and string solutions to 5D supergravity in the presence of higher derivative terms. In some cases, including the fundamental heterotic string solution, the higher derivative terms smooth out naked singularities into regular geometries carrying zero entropy. We also compute corrections to the entropy of 5D CalabiYau black holes, and discuss the relation to previous results.
Introduction
In this paper we find asymptotically flat solutions to 5D supergravity in the presence of four derivative terms. We obtain two types of solutions: magnetic string solutions, with near horizon geometry AdS 3 × S 2 ; and electric particle solutions, with near horizon geometry AdS 2 × S 3 . These spacetimes are central to the study of black holes in string theory.
Namely, the electric solutions represent 5D black holes, while the magnetic solutions yield 4D black holes upon compactification on a circle with momentum added. The inclusion of higher derivative R 2 terms allows us to compute corrections to quantities such as the black hole entropy, and also to obtain smooth spacetimes in cases where the two derivative action yields a naked singularity. Via the AdS/CFT correspondence, this permits a more detailed comparison between the microscopic and macroscopic descriptions of black holes in string theory. The program of including R 2 corrections in 4D supergravity has received much attention over the past few years [1, 2, 3, 4, 5, 6, 7] (for reviews see [8, 9, 10] ). By contrast, the relevant 5D supergravity action was constructed only very recently, as the supersymmetric completion of a certain mixed gauge/gravitational Chern-Simons term [11] . The 5D theory can be thought of as arising from M-theory compactified on a Calabi-Yau threefold. The relevant higher derivative terms are determined by a combination of anomalies and supersymmetry. Before proceeding, let us note some of the general advantages of working in a 5D setting. First, by compactifying one of our 5D directions on a circle (or more generally, a Taub-NUT fiber) we can reproduce all of the 4D solutions of interest [12, 13, 14, 15, 16, 17] . On the other hand, by not compactifying we maintain access to solutions that are inherently five dimensional. One example is the standard 5D black hole [18, 19] , which we'll refer to as the electric black hole. Another example is a straight fundamental heterotic string with zero momentum, which provides the simplest example of our magnetic solutions. To access these in the 4D description requires the auxiliary procedure of decompactifying a Taub-NUT fiber; here the description is simpler and more direct.
In this paper we restrict attention to spherically symmetric solutions to simplify the analysis. The generalization to spinning black holes and black rings will appear in subsequent work [20] . As we'll see, a very nice feature of the off-shell R 2 supergravity obtained in [11] is that the construction of BPS solutions is surprisingly simple. Indeed, the bulk of the analysis is entirely parallel to the two derivative case. The higher derivatives only manifest themselves towards the end of the construction, where they yield corrections to the standard special geometry relations, which are replaced by a more complicated non-linear differential equation.
In the magnetic string case our asymptotically flat solutions extend the near horizon attractor geometries we found in [21] . As described in [21] , from the near horizon AdS 3 solution we can read off the central charges of the dual CFT, and thereby confirm an earlier result based on anomalies and supersymmetry [6, 22] . In the full solution the metric and matter fields exhibit oscillatory behavior of the same sort as found in [23, 24] . As mentioned above, the simplest example is the single charge solution corresponding to a heterotic string with vanishing momentum (or, in the language of M-theory on K3 × T 2 ,
an M5-brane wrapped on K3). This provides an example of how R 2 corrections can replace a naked singularity with a smooth, zero entropy, geometry.
In the electric case, after constructing the black hole solutions we discuss their entropy. Given the near horizon AdS 2 geometry, the computation of the Bekenstein-Hawking-Wald entropy reduces to evaluating a particular function at its extremum. The resulting entropy formula turns out to be extremely simple: expressed in terms of the charges, it takes the same form as in the two derivative case except that the charges are shifted by an amount proportional to the second Chern class of the Calabi-Yau. With a natural definition of horizon area, the formula S = A/4 continues to hold.
We compare our corrected entropy formula to a previously conjectured result [25] based on the 4D-5D connection and the topological string free energy. The results precisely agree when expressed in terms of the electric potentials. Expressed instead in terms of the electric charges, there is a mismatch. Our entropy formula also agrees quantitatively with a correction found by Vafa in terms of a microscopic model of 5D black holes in M-theory on an elliptically fibred Calabi-Yau [26] .
The remainder of this paper is organized as follows. In section 2 we review the construction of higher derivative terms using the off-shell formalism. In section 3 we find supersymmetric solutions of magnetic type, interpreted as string solutions. We establish that 5D strings interpolate smoothly between an AdS 3 × S 2 near horizon geometry and an asymptotically flat region. In section 4 we find supersymmetric solutions of electric type. We discuss their near horizon behavior and we establish that they interpolate smoothly between an AdS 2 × S 3 near horizon geometry and an asymptotically flat region. In section 5 we discuss the entropy of the 5D Calabi Yau black holes.
5D supergravity with R 2 corrections
We begin with a brief review of higher-derivative corrections to N = 2 supergravity in five dimensions [11] . We use the superconformal formalism, developed in [27, 28] , which can be gauge-fixed to the familiar Poincare supergravity. Our conventions are summarized in appendix A.
The supersymmetry transformations
Before introducing the specific action that we analyze in this paper, let us briefly discuss the relevant supersymmetry multiplets. The irreducible Weyl multiplet contains the fields:
The first two fields are the vielbein and gravitino. The V µ is the vector boson associated with the gauging of the SU (2) R-symmetry under which all fermionic variables and fields transform 5 , while b µ is the gauge field of dilatational symmetry. We will ignore these gauge fields in the future, for they are gauged way when one reduces to Poincare supergravity. Finally are three auxiliary fields: an anti-symmetric tensor v ab , the fermion χ, and the scalar D. The vector multiplet consists of the gauge field A I µ , the scalar M I , the gaugino Ω I , and also a scalar Y I , which will be gauged away.
Also of importance is the hypermultiplet. Although the hypers decouple from the physics we are developing, by gauge-fixing them we effectively couple the supersymmetry variations of the irreducible Weyl and vector multiplets [21] . We will ignore the hypermultiplets henceforth and take the coupled supersymmetry variations as a starting point.
Since the Weyl and vector multiplets are irreducible representations, the variations of the fields under supersymmetry transformations are independent of the action of the theory under consideration. As usual, a bosonic field configuration is supersymmetric when all fermion variations vanish. The supersymmetry conditions from the fermion variations are
where γ · T = γ ab T ab for a rank-2 tensor T ab .
Once again, we wish to emphasize that the above variations are independent of the action of the theory. Indeed, this is the whole point of retaining the auxiliary fields. Consequently, the equations (2.2) serve as the supersymmetry conditions in the presence of higher-derivative terms.
The two-derivative action
After gauge fixing to Poincare supergravity the two-derivative Lagrangian constructed 5 We suppress the SU (2) indices of V µ and all fermionic variables because they play no role in our work.
from the Weyl multiplet and n V vector multiplets reads
One can integrate out the auxiliary fields D and v ab by solving their equations of motion and substituting the solutions back into (2.3). This yields the familiar N = 2 Lagrangian arising from the compactification of eleven-dimensional supergravity on a Calabi-Yau manifold with intersection numbers c IJK [29] . The functions defining the scalar manifold are
where I, J, K = 1, . . . , n V . At the two-derivative level, the D equation of motion imposes the constraint N = 1 defining real special geometry. However, higher derivative corrections make the geometry of the scalar moduli space more complicated.
The four-derivative action
A particular four-derivative term is special in that its coefficient is determined by M5-brane anomaly cancellation via anomaly inflow [30] . This is the mixed gauge-gravitational Chern Simons term
It is believed that all four derivative terms are related to this term by supersymmetry [11] . The supersymmetric completion of the term (2.5) was derived in [11] . The bosonic terms are
Here C abcd is the Weyl tensor. The superconformal derivative is related to the usual derivative asD µ = D µ − b µ . In our gauge the dilatational connection b µ vanishes. However, its derivative does not vanish so the second superconformal covariant derivative is nontrivial, viz.
The complete action (2.6) is evidently somewhat unwieldy. Fortunately, most terms play no role in our applications. For example, the parity-odd terms (proportional to ǫ abcde ) vanish on our spacetimes. Their significance is that they fix the normalization through the anomaly term (2.5). We will ultimately need just the equations of motion for D and for the gauge fields, and these involve just a few of the terms in (2.6).
3. Magnetic solutions: strings with AdS 3 × S 2 near horizon geometry
Our strategy for finding regular solutions in the higher derivative theory is to first write an ansatz consistent with the assumed symmetries, and then demand unbroken supersymmetry. This part of the analysis proceeds the same whether we consider the two derivative or four derivative theory, and hence is quite manageable. Supersymmetry does not completely determine the solution, however -we also need to impose the Bianchi identity and the special geometry constraint, the latter coming from the D equation of motion. Only at this last stage do we need specific information about the action.
Ansatz: magnetic background
We are interested in supersymmetric black string solutions carrying magnetic charges p I . We assume translation invariance along the string, and spherical symmetry in the transverse directions. To make these symmetries explicit, we write our ansatz as
where i = 1, 2, 3. The two-forms F I and v will be proportional to the volume form on S 2 .
We chose the vielbein as eâ =e
The non-trivial spin connections are
Supersymmetry conditions
We start by analyzing the supersymmetry conditions (2.2) in the background (3.1). The supersymmetry parameter ǫ is constant along the string and obeys
Gravitino variation
We first analyze the gravitino variation (2.2)
For the background (3.1), the covariant derivative is
Along the string, equation (3.5) simplifies to
It is convenient to use the projection (3.4) in the form
where
So (3.7) becomes
from which we can solve for the auxiliary field, 11) or in coordinate frame
Consider now the components of the gravitino variation along x i ,
The vĵk terms split into a "radial" part where either j, k is equal to i, and an "angular" part where i = j = k. Thus we have two conditions
where there is no summation over i. The second equation leads to U 2 = U 1 , so we will drop the subscripts on U from now on. The first equation then leads to
and so the Killing spinor takes the form
where ǫ 0 is some constant spinor.
It will be convenient to use cylindrical coordinates from now on. The metric takes the form
in terms of a single function U (r). The coordinate frame expression (3.12) is a tensor statement on the 3-dimensional base space, where ε abc is a completely anti-symmetric tensor with components ± √ g. So in cylindrical coordinates the auxiliary two-form is
with other components vanishing due to spherical symmetry in the transverse space. The projection (3.4) in cylindrical coordinates can be written as
Gaugino variation
Evaluated on the magnetic background, the gaugino variation δΩ I in (2.2) gives
Using (3.19) and solving for the field strength we get
(3.21)
In coordinate frame, (3.21) becomes
This equation is the first hint of the expected attractor behavior: the flow of the scalars M I is completely determined by the magnetic field F I .
Auxiliary fermion variation
The last supersymmetry variation to solve is δχ = 0. Neglecting the ǫ-terms since we look for parity invariant solutions, this condition is
The relevant components of the covariant derivative of v for the contraction in (3.23) are
Then, the second term in (3.23) becomes
where we used
Using the projection (3.19) and substituting the auxiliary field (3.18) into (3.27) we find
What we have found so far is that supersymmetry demands a metric of the form (3.17), an auxiliary two tensor of the form (3.18), the gauge field strengths (3.22) , and the auxiliary D-field (3.29). All told the entire solution is now specified in terms of the functions M I and U which are not fixed by supersymmetry alone.
Equations of motion
Having exhausted the implications of unbroken supersymmetry, we now need to use information from the equations of motion.
Maxwell's equations
Any specific string solution is parameterized by the values of the magnetic charges as measured by surface integrals at infinity. These in turn determine the gauge fields in the interior via the Maxwell equations.
We first consider the equation of motion
Spherical symmetry implies that the expression in parenthesis is a function of r only, hence (3.30) is satisfied identically for any field strength F I θφ = F I (r) sin θ. Thus we get no new information from this equation of motion.
In the magnetic case the nontrivial condition arises from the Bianchi identity dF
The point is that the expression (3.21) for F I determined from supersymmetry is not automatically a closed form. Therefore, the Bianchi identity
is nontrivial. Physically, this is because supersymmetry is consistent with any extended distribution of magnetic charges, while here we are demanding the absence of charge away from the origin. The equation (3.31) integrates to
where p I is the quantized magnetic charge carried by F I . We note that the field strength
does not get modified after including higher derivatives since it is topological. The solutions to (3.32) are harmonic functions on the three-dimensional base space. We are just interested in the simplest solution 
D equation
So far, by imposing the conditions for supersymmetry and integrating the Bianchi identity, we have been able to write our solution in terms of one unknown function U (r).
To determine this remaining function we use the equation of motion for the auxiliary field D. Inspecting (2.3) and (2.6) we see that the only D-dependent terms in the Lagrangian are
Therefore, the equation of motion for D is
Inserting the gauge-field (3.22), the auxiliary field (3.18), and the D-field (3.29) gives
Here H I are the harmonic functions defined in (3.34) and we used
The D constraint (3.37) is now an ordinary differential equation that determines U (r). Its solution specifies the entire geometry and all the matter fields.
We can solve (3.37) exactly in the near horizon region. This case corresponds to vanishing integration constants in (3.34) so that
Then (3.37) gives
The geometry in this case is AdS 3 × S 2 with the scale ℓ S in agreement with our previous work [21] .
The asymptotically flat solutions to (3.37) cannot in general be found in closed form. In the following two subsections we discuss an approximate solution and an example of numerical integration.
Corrected geometry for large black strings
One way to find solutions to (3.37) is by perturbation theory. This strategy captures the correct physics when the solution is regular already in the leading order theory, i.e. for large black strings. Accordingly, the starting point is the familiar solution
to the two-derivative theory. This solves (3.37) with c 2I = 0. Although c 2I is not small it will be multiplied by terms that are of higher order in the derivative expansion. It is therefore meaningful to expand the full solution to (3.37) in the form
where ε I (r), ε IJ (r), . . . determine the corrected geometry with increasing precision.
Inserting (3.42) in (3.37) and keeping only the terms linear in c 2I we find the first order correction
Iterating, we find the second order correction
where the first order correction ε I is given by (3.43). Higher orders can be computed similarly. In summary, we find that starting from a smooth solution to the two-derivative theory we can systematically and explicitly compute the higher order corrections. The series is expected to be uniformly convergent. In the near horizon limit (3.39) the full solution (3.40) is recovered exactly when taking the leading correction (3.43) into account. As indicated in (3.40) the effect of the higher derivative corrections is to expand the sphere by a specific amount (which is small for large charges). The perturbative solution gives approximate expressions for the corrections also in the bulk of the solution. Numerical analysis indicates that the corrections remain positive so at any value of the isotropic coordinate r the corresponding sphere is expanded by a specific amount.
Fundamental strings
One of the main motivations for developing higher derivative corrections is their potential to regularize geometries that are singular in the lowest order supergravity approximation [4, 23, 24, 6] . This is the situation for small strings, by which we mean charge configurations satisfying
6 It is understood that the correction ε I is only defined in the combination c 2I ε I .
A particularly important example of a small string is when the Calabi-Yau is K3 × T 2 and the only magnetic charge that is turned on is the one corresponding to an M 5-brane wrapping the K3. The resulting 5D string is then dual, via IIA-heterotic duality, to the fundamental heterotic string [31, 32] . Let M 1 be the single modulus on the torus and M i be the moduli of K3 where i = 2, . . . , 23. The charge configuration of interest specifies the harmonic functions as
The only nonvanishing intersection numbers are c 1ij = c ij where c ij is the intersection matrix for K3. We choose M i ∞ consistent with
The master equation (3.37) now becomes
where we used c 2 (K3) = 24 and c 2i = 0. We can write this more explicitly as
where primes denote derivatives with respect to r. In our units distance r is measured in units of the 5D Planck length. The parameter p 1 is a pure number counting the fundamental strings. We take p 1 ≫ 1 so as to have an expansion parameter. We will analyze the problem one region at a time.
This is the leading order behavior close to the string. According to our near horizon solution (3.40) we expect the precise asymptotics
where the S 2 -radius is given by
Since we assume p 1 ≫ 1 this is still much larger than string scale. The modulus describing the volume of the internal T 2 is
which also corresponds to the length scale (p 1 ) 1/3 .
The near-string region
We next seek a solution in the entire range r ≪ p 1 which includes the scale (3.50) but reaches further out. In fact, it may be taken to be all of space in a scaling limit where
In the near string region (3.48) reduces to
We can scale out the string number p 1 by substituting This gives
which describes the geometry in the entire region r ≪ p 1 . The asymptotic behavior at small r is ∆(r) = − 1 13
Since ∆(r) → 0 smoothly as r → 0 we have an analytical description of the approach to the AdS 3 × S 2 region.
The asymptotic behavior for large r is also smooth. Expanding in u = 1 r we find
It is straightforward to solve (3.55) numerically. Figure 1 shows the curve that interpolates between the asymptotic forms (3.56) and (3.57). The oscillatory behavior in the intermediate region is characteristic of higher derivative theories. We comment in more detail below. familiar from the description of a fundamental string in two-derivative supergravity. In the full theory this singular region is replaced by a smooth geometry described by ∆(r).
The approach to asymptotically flat space
We still need to analyze the region where r is large, meaning r ∼ p 1 or larger. Although standard two-derivative supergravity is expected to describe this region it is instructive to consider the possible corrections. In the asymptotic region the full equation (3.47) simplifies to
Terms with explicit factors of 1/r were neglected but we kept derivatives with respect to r, to allow for structure on Planck scale even though r ∼ p 1 ≫ 1. Changing variables as
we find
The expansion for small W is justified because (3.58) imposes the boundary condition W → 0 for r ≪ p 1 .
The solution W = 0 expected from supergravity is in fact a solution to (3.61) but there are also more general solutions of the form
The amplitude of this solution is undamped, so it is not really an intrinsic feature of the localized string solution we consider. Instead it is a property of fluctuations about flat space, albeit an unphysical one. The existence of such spurious solutions is a wellknown feature of theories with higher derivatives, and is related to the possibility of field redefinitions [33, 23, 24] . In the present context the issue is that other variables such as W = (∇ 2 − 3)W exhibit no spurious solutions. It would be interesting to make this interpretation of the spurious solutions more explicit. It would also be interesting to understand possible relations of our fundamental string solutions with the picture proposed in [34] .
Electric solutions: black holes with AdS 2 × S 3 near horizon geometry
We now consider the case of electrically charged, spherically symmetric solutions. We follow the same strategy as in the analysis of the magnetic solutions: we start from an ansatz with the desired symmetry, then use the supersymmetry conditions (2.2) to relate various functions in the ansatz, and finally impose appropriate equations of motion to obtain the full solution.
In the electric case we start with a metric of the form
where i = 1 . . . 4. This gives the vielbein
and spin connections
In this paper we limit ourselves to spherically symmetric solutions for which
Supersymmetry conditions
We now make the conditions (2.2) imposed by supersymmetry explicit for our electric ansatz.
Gravitino variation
We begin with constraints from the gravitino variation, the first equation in (2.2). The temporal part of the gravitino variation reads
We assume that the Killing spinor is time-independent and satisfies the projection
Inserting (4.4) we find 1 2
which implies
The spatial part of the gravitino variation is
Substituting the formulae for the connection and using projection (4.6) yields
The radial (î =ĵ) and the angular (î =ĵ) terms have a different form. Therefore they must vanish separately so that
Inserting vtî from (4.8) into the second equation we find that U 1 (x) = U 2 (x). Therefore we will drop the index on the function U (x) from now on. The first equation in (4.11) gives the form of the Killing spinor 12) where ǫ 0 is a constant spinor. In summary, the gravitino equation determines the form of the Killing spinor (4.12), the auxiliary field 13) and simplifies the metric from (4.1) to
where f = e 2U(x) .
Gaugino variation
We next analyze the gaugino variation, the second equation in (2.2). Noting that only vtî are non-vanishing, and using the projection (4.6), we have
This requires that the scalars are time-independent and that the only non-zero components of the field strengths are Ftî. This in turn gives the condition
Inserting the auxiliary field (4.13) and switching to a coordinate frame we find
Reorganizing, we have This equation captures the characteristic feature of attractor flows: the scalars follow the electric potentials along the entire radial flow.
Auxiliary fermion variation
Imposing δχ = 0 results in the condition
The third term vanishes in the spherically symmetric case and the fourth term can be evaluated as
For the covariant derivative we need the non-vanishing Christoffel symbols
and the auxiliary field (4.13). This gives the only non-vanishing component of the covariant derivative as
After applying the projection (4.6) on the supersymmetry parameter ǫ, the condition (4.20) from the variation of the auxiliary fermion now becomes
We have now exhausted the supersymmetry conditions (2.2). As a result we have found (4.13), (4.19) , and (4.25) which determine v ab , A I t , and D in terms of the scalar moduli M I and the metric function U (x). These remaining functions are not determined by supersymmetry alone. Instead we must now turn to the equations of motion.
Maxwell equations
The black hole solutions we seek are defined by conserved electric charges with respect to each gauge field. For a given charge, Gauss' law determines the radial dependence of the electric field as follows.
Neglecting the Chern-Simons terms, which do not contribute to spherically symmetric solutions, the F-dependent terms in the Lagrangian are
The Maxwell equations 27) are equivalent to the statement ∂ r q I = 0, where q I are the conserved electric charges
The canonical momenta are
We need to make this expression more explicit. First, let us define moduli with lower indices as
In the context of Calabi-Yau compactification of M-theory the M I are volumes of fourcycles dual to the two-cycles with volume M I . At any rate, the definitions (2.4) of the various scalar functions now imply
We now find 32) due to (4.13) and (4.18). It is straightforward to cast the remaining terms in (4.29) in this form as well, by using (4.13), (4.18), (4.25) , along with
After the dust has settled we find
We now see that the Maxwell equation ∂ r q I = 0 becomes
where ∇ 2 denotes the Laplacian on flat R 4 . Solutions are thus a set of harmonic functions on this space. In this paper we consider the single center solutions 36) where the integration constants M ∞ I are the moduli at infinity, and the q I are the same charges as appear in (4.28).
Completing the electric solution: the D equation
At this point we have used supersymmetry to specify the entire solution in terms of the functions M I and U , and we have determined M I by integrating Gauss' Law. Therefore, we need only one more constraint to find the complete solution. For this we consider the equation of motion for the auxiliary field D.
Starting from the Lagrangian L 0 + L 1 given in (2.3) and (2.6), the terms that depend on the D-field are
Varying with respect to D we find
From (4.25), (4.18), and (4.13), this becomes
In the absence of higher derivative terms this equation simply reads N = 1. Since N = 
and the M I in turn are given by
The condition (4.39) is thus a nonlinear, second order, ordinary differential equation for U (r). But note that to write this equation explicitly requires inverting (4.40) to find M I , which cannot be done until c IJK have been specified. 8 Once this has been done, the resulting differential equation typically requires a numerical treatment.
Near Horizon Geometry
It is instructive to make the equations above more explicit in the near horizon region of the black hole. To do so take the integration constants M The notation ℓ S was chosen with some foresight. Indeed, the change of variables r 2 = ℓ 3 S /2z bring the geometry (4.14) into the standard form 
We easily invert this to obtain the M I as functions of the M I
The Chern class c 2I is calculated on the 4-cycle Poincare dual to the I-th 2-cycle. Therefore, the c 2i vanish, leaving only c 2,1 = c 2 (K3) = 24.
Substituting (4.41) into (4.50) to yields
where primes denote derivatives with respect to r. The special geometry constraint (4.39) is
The problem is now to insert (4.51) into (4.52) and solve for U (r). This is straightforward to solve numerically, given specific choices of charges. Consider a small black hole, q 1 = 0 with q 2 = q 3 = 1, c 23 = 1. We also assume
are the only harmonic functions not equal to unity. Then (4.52) becomes
The boundary conditions are fixed by matching to the desired small r behavior
with ℓ S = 3 −1/6 . The result of the numerical analysis is the U (r) shown in Figure 2 . It exhibits the same kind of oscillations seen in [23, 24] and discussed in the end of section 3.5. 
Entropy of electrically charged black holes

Entropy function
We now turn to the computation of the entropy of the electric black hole solutions. Due to the higher derivative corrections, the relevant formula is Wald's generalized expression for the entropy as a surface integral over the horizon [37] . Generally it can be laborious to integrate Wald's entropy density, but the extremal black holes we consider have a near horizon AdS 2 factor, and for such black holes the problem reduces to evaluating an "entropy function" at its extremum [7] . The entropy function is the Legendre transformation of the action with respect to the electric charges. In our conventions, the precise expression is
where L is the Lagrangian density evaluated in the near horizon AdS 2 × S 3 geometry.
Near horizon supersymmetry
To proceed we need to evaluate L = L 0 +L 1 , and its derivative with respect to the field strength. This task is greatly simplified by taking advantage of the conditions resulting from enhancement of supersymmetry in the near horizon region. This means there is no need to impose any projector condition on the Killing spinor ǫ, and so each term in the supersymmetry conditions (2.2) vanishes by itself, rather than balancing off other terms.
To see how this works, recall that the variation of the auxiliary fermion includes the term (4.9)
Taking this to vanish we immediately find a metric function of the form
for some ℓ S . This is recognized as the metric function describing AdS 2 × S 3 (4.43) with the scales of the constituent spaces related as
With the geometry in hand, the D-field (4.25) determined from the variation of the auxiliary fermion becomes 5) and the auxiliary two-form (4.13) determined from the gravitino variation becomes
The gaugino variation (4.15) shows that the moduli M I are constants in the near horizon region. It also gives the field strengths (4.18) as
Our general expression (4.28) for the electric charge can be written in the near horizon region as 
Evaluation of entropy function
Up until now we have just used the supersymmetry variations, which are independent of the action. We now need to use details of the action. The first piece of information we need is the modified special geometry constraint (4.39) coming from the D equation of motion. Using the near horizon field values found above we recover (4.44)
Next, we need to evaluate the Lagrangian density. Using the near horizon supersymmetry results, as well as (5.10), we find for the two derivative Lagrangian L 0 ,
after some algebra. For the four derivative Lagrangian L 1 ,
after more algebra. Altogether 13) giving the entropy function
At this stage we could evaluate S by inserting the values for ℓ S and M I obtained from our explicit solutions, but it is more instructive to proceed by extremizing the entropy function. This also serves as a useful consistency check on our results. The problem consists of extremizing S with respect to ℓ S and M I , while holding fixed q I and imposing the constraint (5.10). We therefore add in a Lagrange multiplier and write
We can solve for λ as follows. Contract the second equation with
from the first, and use the third to eliminate N . This gives
Before continuing, we can use these equations to rewrite the entropy in a suggestive form. Using (5.17) , and the first and third equations of (5.16), we insert into (5.15) to get
This is the same formula as we would find in the two derivative theory, except that in that case we would have N = 1. From the higher dimensional point of view the condition N = 1 corresponds to fixing the CY 3 to have unit volume. More generally, if we continue to think of N as the volume, then we see that (5.18) is precisely S = A/4G, with A being the horizon area in 11 dimensions. However, one should perhaps not take this too seriously, since in the presence of higher derivatives the metric, and hence the horizon area, are subject to field redefinition ambiguities. From (5.17) and the middle equation of (5.16) we can now solve for N I as
This agrees with our previous result (4.42), which we obtained by integrating Gauss' law and matching onto charges defined in the asymptotically flat region. The agreement is a nontrivial check on the consistency of our method (and the accuracy of our algebra).
We are now ready to find the entropy. Introducing the rescaled modulî 20) as in (4.45), the entropy (5.18) becomes simply
The rescaled moduli can be found by solving (5.19) written in the form 22) where the shifted charge is defined asq
The solution to (5.22) will take the formM I (q I ) which we then insert in (5.21) to find the entropy as function of the charges. The value of ℓ S can be computed by solving the special geometry constraint (5.10) from which we recover our previous result (4.47) for ℓ S . However, we do not actually need ℓ S to find the entropy, because the factors of ℓ S were scaled away when arriving at the entropy formula (5.21).
The computation of the entropy in terms of theq I is almost insensitive to the detailed form of the action. All we need is (5.21) and (5.22) which could be derived using just the conditions due to enhancement of supersymmetry. To get the right shift in the definition (5.23) ofq I , though, we need to use some information about the action, such as the D equation of motion. Assuming we know this shift, we see that if we know the black hole entropy in the two derivative theory, then the corrected entropy is obtained simply by replacing the charges by the shifted charges.
Strictly speaking, the regime of validity of our computation only extends to terms first order in c 2I , since we only considered the addition of four-derivative terms to the action. A priori, 2 + 2n derivative terms in the action will contribute at the same order as any (c 2I ) n terms. In the case of black holes / strings with near horizon geometry AdS 3 × S 2 , one can use anomalies and supersymmetry to prove that the four derivative action in fact gives the exact expression for the large momentum behavior of the entropy [6, 22] . In the present case it is also tempting to conjecture that the regime of validity extends beyond the first order terms, at least in some cases.
Comparison with other results
Comparison with 4D black holes and the topological string
In [25] an entropy formula for 5D black holes was conjectured, based on 4D results and the topological string partition function. The entropy is given by This is to be compared with (5.23). Thus, when expressed in terms of the q I our entropy formula will not agree with [25] . We hope to understand this discrepancy in future work. We also note that the authors of [25] performed a 5D supergravity computation keeping only the Gauss-Bonnet like term. This computation yielded a different discrepancy, which is not surprising since the full action contains many more terms at this order.
K3 × T 2 black holes
In general we have to invert (5.22) to express the entropy in terms of the electric charges q I . This can be done explicitly when c IJK are the intersection numbers for K3×T
2 .
This is basically the same problem we solved in (4.50), with solution
The entropy is then S = π 2q 1 c ijq iqj = π 2(q 1 + 3)c ij q i q j . (5.32)
A small black hole corresponds to taking q 1 = 0, such that the M2-branes lie entirely within K3. The higher derivative terms give a finite size horizon to this would-be singular charge configuration.
Elliptically fibred Calabi-Yau black holes
There is no known microscopic description of black holes made from wrapping M2-branes on a generic Calabi-Yau. However, in [26] Vafa proposed such a description for an elliptically fibred Calabi-Yau. This proposal yields a correction to the entropy that has the right form to match with a four derivative term in five dimensions. We can use our results to check that the coefficient also agrees.
Consider M-theory on a Calabi-Yau 3-fold K realized as an elliptic fiber E over a base space B. Wrap M 2 branes along a two-cycle [C] + n[E], i.e. one that has components along the fiber and also along C ⊂ B. In [26] it was argued that the relevant moduli space is the symmetric product Sym n (Ĉ), whereĈ is an elliptically fibred four manifold with base C. BPS states are then computed from the cohomology ofĈ in the standard fashion.
The cohomology leads to the entropy formula S = π 2n(C · C + 3c 1 (C) + 2) , 33) where the intersection products refer to the base B. This formula is valid for large n. Now, if we follow [26] and use c 1 (C) = Anti-symmetric products of gamma-matrices are normalized so that γ abcde = ε abcde where ε 01234 = 1. Finally, we take G 5 = π 4 and measure moduli in units of 2πℓ 11 . In these units the charges are quantized (for review see [38] ). 9 The signature is opposite to that in our previous paper [21] .
